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Notation

» K is a field, usually a number field

» K is the algebraic closure of K

» f € K[z] is a polynomial of degree d > 2
> f"=fofo---of isthe n-th iterate of f

> "(x) = (f”)fl(xo) is the set of n-th preimages of xp under
f. That is, the set of roots of f”(z) — xo = 0.

Goal: Given xy € K, to understand the action of Galois on the
backward orbit

Orb;(Xo) = {Xo} U f_l(xo) U f_2(X0) U.--



A Tower of Extension Fields

For each n > 0, let K, = K(f~"(x0)) and G, = Gal(K,/K).
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K=K({o;})

X0

Koo = JKn and Gy = lim G, = Gal(Kx/K)

G, and G are called arboreal Galois groups.



T, and Aut( Tn)

Let 7, = T4, be a rooted d-ary tree with n levels, T, = U Th,
and let Aut(T,) and Aut(T.) be their automorphism groups.

Aut(T1) = Sy, Aut(T2) = Sg 1 Sy, and Aut(T,) = [Sq]"".
n—1
Note: |Aut(T,)| = (d!)1+d+d totd



How big is G, in Aut(T,)?

Because each o € G, is completely determined by its action on the
roots of f"(z) — xo,

G, is isomorphic to a subgroup of Aut(Th,).

Expectation: [Aut(T,): G| is bounded as n — oo, i.e.,
[Aut(Too) : Goo] < o0, unless there is an obvious reason not.

One such “obvious” reason is that f is PCF:

Definition
f(z) is postcritically finite, or PCF, if every critical point of f
has finite forward orbit.



A PCF Arboreal Galois Group: g(z) = —22° + 322

Note: Critical points are 0, 1, 0o, and
0—0, 1—=1 o000

so g is PCF.

Theorem (RB, Faber, Hutz, Juul, Yasufuku; 2016)
There is an (explicitly defined) infinite-index subgroup
Eso € Aut(T3,50) with the following property.

Let K be a number field, let xo € K, and let

oo:K<Ug Xo)

n>0

Then Gy, = Gal(Kx/K) is a subgroup of Ex.

Moreover, there infinitely many choices of xo € K for which
Gy = E.



f(z) = z2 — 1 Over Number Fields
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Recall: f(z) = z?> — 1 is PCF, with 0 — —1 — 0.

Question: Is there an analogous subgroup of Aut( T2, ) for f?

Answer: Yes! But it's more complicated to describe.



f(z) = z? — 1 over function fields

Let K = C(t), f(z) = z> — 1, and xg = t. The associated arboreal
Galois group Gy, = Gal(Ky/K) is called the Basilica group B.

B is a certain well-understood self-similar subgroup of Aut( T3 ).

However, Gy, = By relies on the fact that C is algebraically closed.

[Pink (2013) considers Go, over other function fields.]

What about over number fields?



A curious identity for f(z) = 22 — 1

Xo

BB =(w—+1)(-w+1)=1-w?=—y, s0
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So K3 contains (4, and for n > 4,

Gp, has to act the same on (4 for every T3 subtree of T,.



More arboreal restrictions for f(z) = z2 — 1
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So Ky contains (g, and for n > 6,

Gp, has to act the same on (g for every Ts subtree of T,,.

And so on.

How do we describe this?



Labeling and Parity

Label each node of T, at m-th level by a word in {a, b}™:

aaa aab aba abb baa bab bba bbb

X0

For o € Aut(T2,,) and a node x of T, define the parity Par(o, x)
of o at x to be

0 if o(xa) = o(x)a and o(xb) = o(x)b

arl) = {1 if o(xa) = o(x)b and o(xb) = o(x)a



Describing the Basilica

xa xb

X

For any node x in the tree, labelled x € {a, b}™, define

P(o,x) == (-1)P"@) 12 3" [Q(o,xbt) — Q(o, xat)],
te{a,b}

where Q(o, x) 2 Par(o, xasiasy - - - as;) € Z».
Y
i>0  si,...,s;€{a,b}

Note: P(o,x) € 1+ 2Z, = Z5 = Gal (Q(MZW)/Q)



The Arithmetic Basilica

Write T := T2, With root node xq. Define
My = {0 € Aut(T)|P(0, x) = P(0, xo) for all nodes x of Toc}.
Theorem
1. My is a subgroup of Aut(T>2,)
2. P: My — Z5 by 0 — P(0,x0)
is a surjective group homomorphism with kernel Bs.

That is, {e} — Boo —> Moo -5 75 — {1}

For each n > 1, let B,, M, be the restrictions of By, My to T,.
n 11213 4 5 6 7 8
|/-\ut( Tn)| 21 23 27 215 231 263 2127 2255
|Mn‘ 21 23 27 213 225 247 291 2177
’Bn‘ 21 23 26 212 223 245 288 2174




The Expectation/Hope for f(z) = z? — 1

{e}—>Boo—>l\/Iooi>Z§—>{1}

Over any field K, we have K (puo~) C Ku.

Over K = C(t) with xp = t, we have Gy, = By

So over Q, we should expect: Q(p2) Moo




The arboreal Galois group for f(z) = z2 — 1

Theorem (Ahmad, RB, Cain, Carroll, Fang; 20177 20197)

Let K be a number field, let f(z) = z2 — 1, and let xo € K. For
each n>1, let

> K, =K(f "(x0)), and
> G, = Gal(K,/K).
Then
1. G, is isomorphic to a subgroup of M,, and

2. if [Ko(v/x0, VX0 +1,Gs) : Ko| = 16, then G, = M,

Note: The [Ko(\/xT), VX0 + 1,(3) : Kg] = 16 condition is
equivalent to saying [Ks : K| = |Ms|.



Sketch of the proof that G, = M,: Start

Levels 1,2,3:

Direct computation shows A,(x) = Disc(f"(z) — x) = a2b,, where

1+ x ifn=1,
an € K(x) and b,= ¢ —x if n> 2 is even,
—(1+x) if n>3is odd.

Our hypothesis gives [K(y/X0, vxo + 1,v/—1) : K] =8, so we can
choose the parities of 0 € Gz C Aut(T3) at levels n=1,2,3
independently.

As a result, G, = M, = Aut(T,) for n=1,2,3.

Also: V-1 ¢ K, but v/—1 € Kj.



Sketch of the proof that G, = M,: Overall Strategy

Inductively prove, for n > 2:

» Ky,_1 contains all the 2"-roots of unity, but K>,_2 does not.
» K,,_1 contains a 2"-root of xg + 1, but K5,_» does not.
» K>, contains a 2"-root of —xg, but K>,_1 does not.

» Gop1 = Ma,_1 and Gop = Mo,



Sketch of the proof that G, = M,: Another tool

How do we show K, does NOT contain certain roots?
Example: Proving K3 does not contain /—xo:

Let H = Gal(K3/Ki(i)).

By hypothesis, v/—xo & K1(i) = K(i,v/x0 + 1).

Thus, if /—xo € K3, then H has a quotient isomorphic to Z/4.
Hence H2® = H/Comm(H) has a quotient isomorphic to Z/4.

Analyze the action of H on T3 to show that:
foralloc € H, o2& Comm(H).

Contradiction!



