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Julia Stability in Complex Dynamics

Definition
Let f € Raty(C) with Julia set J¢. We say f is J-stable if there is
a neighborhood W C Rat4(C) of f such that
1. for every g € W, there is a homeomorphism 7 : Jr — Jg
such that no f = gomn, and

2. Jg varies continuously for g € W.

Theorem (Maiié, Sad, Sullivan 1983)

(At least for one-parameter families in Raty(C)),
If f € C(z) is hyperbolic, then f is J-stable.

(Hyperbolic (over C) means expanding on J. Equivalently, the
closure of the post-critical set is disjoint from 7.)



The Berkovich Projective Line

Cy: a complete, algebraically closed non-archimedean field
with absolute value | - |.

—

[E.g. p-adic field C, or Puiseux series field C((t)).]

f € Cy(z) acts on P}(C,) = C, U {0},
but even better, f acts on the | Berkovich line P}, |, which:

» is compact, Hausdorff, and path-connected

» contains P(C,) as a subspace (“Type | points”)

» contains one point ((a, r) for each closed disk D(a, r) C C,
(“Type Il and Type Il points")

» contains one point ¢ for each (equivalence class of) sequences
of nested disks D; 2 Dy D --- with empty intersection
(“Type IV points”)



Rational Functions Acting on P!

For f € C,(z) of degree d > 2,

» f maps P.. continuously onto itself.
> for x € PY(C,) of type |, f(x) is the usual f(x) € P}(C,).

> If £(D(a, r)) = D(b,s), then f(((a,r)) = ((b,s).
[Note: if f is a polynomial, then f(D(a, r)) = D(b,s).]



Non-archimedean Dynamics

f € Cy(z) has an associated

» (Berkovich) Fatou set F,, , and

» (Berkovich) Julia set Jonr == Pl ~ Fan f
contained in P}, such that:

» Fanr is open in PL . and Jonr is closed (and hence compact).

> f_l(fan,f) = Fan,f and f_l(jan,f) = jan,f-
» Both F,, ¢ and Jan s are nonempty.

» Janr is the smallest nonempty closed subset of Pgn that is
invariant under f.



Some Previous Non-Archimedean J-Stability Results

» A. Silverman, 2017: Stability in one-parameter families,
assuming existence of a type | repelling fixed point and special
conditions at non-classical Berkovich points in the moduli
space.

> RB-J. Lee, 2022: Stability in Raty assuming a uniform
expansion condition on Jan f.
» J. Kiwi-H. Nie, preprint 2022: Stability in Poly, for tame

polynomials, assuming Bottcher coordinates at co extend
nicely to whole attracting basin at co.

Recall: f € C,(z) is tame if for all ¢ € P!, the ramification of f

an’

at ¢ is not divisible by the residue characteristic p of C, .



A new J-Stability Result for Polynomials

Theorem (RB, DeMarco, 2026)

Let M be a dynamical moduli space of polynomials of degree

d > 2 with marked critical points. Let f € M(C,), and suppose f
has a neighborhood W on which any Julia type I critical points are
persistently preperiodic.

| Then f is J-stable.| That is, f has a neighborhood W' C W such
that for every g € W', there is a homeomorphism 1 : Jr — Jg
such that no f = gon, and Jg varies continuously for g € W'.

jf—f>jf

oo

jg—é—_)jg

Moreover, 7 is an isometry w.r.t. the metric on H = P} < P(C,).



Persistent Periodicity

A critical point ¢f € P}(C,) of f € M(C,) is persistently
preperiodic if there is a neighborhood W = f and integers
n > m > 0 such that for all g € W, we have g"(c;) = g"(cg)

Example. Fix m > 2 integer. For a € C, with |a| > 1,
Let fo(2z) = az™™ — az™ + 1.

Then 0 — 1 +— 1 with fJ(1) = a.
The critical point at 0 is persistently preperiodic.

And this (one-parameter) family is J-stable.



An Unstable Example

Fix a € C, with |a| > 1.

+1

Let gc(z) = az™™* — az™ + c.

Forc=1,0+ 1+ 1, with 1 a repelling fixed point. (g;(1) = a.)
But for most ¢ = 1, the critical point at 0 is not preperiodic.
Instead, there is a repelling fixed point x = ¢, and in fact:

» for some such c, the orbit of 0 can be periodic (and hence is
in a bounded cycle of Fatou components).

> for other such c, the orbit of 0 can escape to cc.



Polynomials with Wandering Domains

Suppose C, has residue characteristic p > 2. Define
fi(z) = (1 — a)zP™! + azP
for any a € C, with |a| > 1.

> If C, is the completion of K = @, or of K = Fp(t), and if
a € K, then f; has no wandering domains.

» For |ag| > 1 and € > 0, there are parameters a € C, with
|a — ag| < € such that f, does have wandering domains.

But a conjugacy 1 : Jr, — Jf, is still possible, with some points of
type IV mapping to points of type Il or Il of the same diameter.



Nonarchimedean Quasi-analytic Conjugacies

Recall that H = P1, . P1(C,), the set of Berkovich points in P!
of types Il, Ill, and IV, has a metric df.
Definition
We say 1 : P}, — P is a quasi-analytic homeomorphism if
1. n is a homeomorphism of P, and

2. n|m is an isometry with respect to dy.

Example. Over Cp, define 1 : P, — P2 by

n(z) =

z+1 ifze D(n,1) for some ne {0,1,...,p— 1},
z otherwise.

Then 7 is a quasi-analytic homeomorphism.



Proof Strategy

To show: Suppose any Julia type | critical points of f € M(C,)
are persistently preperiodic. ‘Then f is J-stable. ‘

» Let Up be a disk containing J¢, and let U, := f~"(Up).
» For g € W, let U}, := g "(Up).
> Let ny : PL, — Pl be the identity map.

» | Key Step | For each n > N, adjust 1, on U, to get:

Up~ Uns1 —— Up_1~ U,

J/Tin+1 J/nn

1 / g 1 /
uy~U,,, — U, 1\ U,

» Let n:= lim 7, , and restrict to Jr.
n—o0o



Key Lemma

[For purposes of this presentation: assume charC, = 0.]
Suppose

f:U={r<|zl|<s} > V={R<|z| < S}
with Weierstrass degree m > 1, and such that

£(P°) has no zeros in U for e = 0,1, ..., v,(m).

Let n: PI, — L be a quasi-analytic homeomorphism with

n(V) = V and g € C,[z] with [|f — gl|¢(0,s) sufficiently small.
Then there is a quasi-analytic homeomorphism 7 : PL — P with
fi(U) = U and



|dea of Proof of Key Lemma

Write f(z Z apz" and g(z Z b,z".

n>0 n>0
For each type | point ¢ € U,

f(c(1+x)) - f(c Z fU (c)clx,
and similarly for g. The hypotheses |mp|y that
’f(pe)(c)| = ‘g(pe)(c)‘ depends only on |c].

Thus, the Newton polygons of f(c(1 + x)) — f(c) and
g(c(1+x)) — g(c) coincide and depend only on |c|.

So for any disk D C V/, the geometric arrangement of the disks of
f~Y(D) and g~1(n(D)) are isometric.

This allows us to construct 7 : U — U locally as g~ ono f.



Main Result, Again
Theorem (RB, DeMarco, 2026)

Let M be a dynamical moduli space of polynomials of degree

d > 2 with marked critical points. Let f € M(C,), and suppose f
has a neighborhood W on which any Julia type | critical points are
persistently preperiodic.

Then f is J—stable.‘ That is, f has a neighborhood W' C W such
that for every g € W', there is a homeomorphism 1 : Jr — Jg
such that no f = gon, and J varies continuously for g € W'.

Jr ——
KA
Je —— T

Moreover, 7 is an isometry w.r.t. the metric on H = P} < P!(C,).

Thank youl!



