Math 410, Spring 2026 Professor Rob Benedetto
Solutions to Homework 2

Problem 1. (16 points) Cox, Section 2.2, Problem 2:

Let F be a field and n > 1 an integer. Consider the ring F[xq,...,z,]. The leading term (with
respect to the graded lexicographic ordering >) of f € F[zy,...,x,] will be denoted by LT(f).
For an exponent vector a = (ay, ..., a,) of nonnegative integers a;, let £ denote the monomial

=o'

an
n -

Through the rest of this problem, «,f,v,0 will denote arbitrary exponent vectors. Clearly
%28 = 2°%P a fact which you may use without proof.

(a): If 2% > 2, prove that z°*7 > 277,
(b): If 2% > 2% and 27 > 2°, prove that 277 > z8+9.

(c): For any nonzero f,g € F|xy,...,z,], prove that LT(fg) = LT(f)LT(9)

Proof. Write 8 = (by,...,b,), v = (c1,...,¢s), and 6 = (dy,...,d,).

(a): far+ - +ay, >by+ -+ +by, then (a1 +c1)+ -+ (an+¢cn) > (b1 +c1)+ -+ (b + cn),
and hence o7 > 7.

Otherwise, we have a1 + -+ +a, = by +--- + by, but a; > b; for some minimal j > 1.

Then (a1 +¢1)+ -+ (an+cn) = (b1 +¢1) + -+ -+ (by +¢p), and for each 1 < i < j— 1, we have
ai—i—cj :bl—FCZ

We further have a; + ¢; > b; + ¢;. Therefore, 277 > 277, QED (a)

(b): We have ay +---+a, >by+---+b,and ¢; + -+ ¢, > dy +---+d,. If either of these >’s
is >, then (ay +c¢1) + -+ (ap +¢p) > (by +dy) + -+ + (b, +d,,), and hence x4+ > 25+,
Thus, we may assume for the rest of the proof that both of the >’s above are =.

Then (a1 +c¢1) + -+ (an + ¢n) = (b1 +dy) + -+ + (b, + d,,), and in addition, there is some
minimal j > 1 such that a; > b;, and there is some minimal £ > 1 such that ¢, > dj.

Without loss of generality, we may assume that j < k. Then for all 1 < ¢ < j — 1, we have
a; = b; and ¢; = d;, so that a; + ¢; = b; + d;.

We further have a; + ¢; > b; + d;. Therefore, %7 > 2849, QED (b)

(c): Let Ayz® = Lr(f) and C,27 = LT(g), where v and  are exponent vectors, and where

Ao, Cy € F~.

Then f = ZAgxﬂ , where the sum is over all exponent vectors 8 with 8 < «, and each Ag is
B<a

an element of F. Similarly, g = Z Csa°.

0<y
Then fg=» Y ApCsa’*.
B<a 6<y

One of the terms in this sum is A,C,x*"7, which is nonzero since A,, C, # 0 and F'is a field. It
suffices to show that all of the other terms in the sum have exponent strictly smaller than o + 7.
To see this, an arbitrary such term is of the form AzCsx®t where either

e o=/ andy >, or

e« > fandy=9,or

e o> [ and v > 9.
In the first case, then 2077 > 2% = 279 by part (a).
In the second case, then 297 > 247 = 2849 by part (a).



In the third case, then x> 2°+° by part (b).
In all cases, then, our desired claim holds. QED (c)

Problem 2. (8 points) Cox, Section 2.2, Problem 7:
Let F be a field, and let f € F[zy,...,x,]. For any permutation o € S, denote by o - f the
polynomial obtained from f by permuting the variables according to o.

Prove that both H o- f and Z o - f are symmetric polynomials.
O'ESn O'ESTL

Proof. Given 7 € S, then {70 |0 € S, } = S5,,. Therefore

T-(HJ-f)zHT-(J-f)zH(TJ)-f:Ha-f,

ogESH ocESy c€Sn o€Sh

where the first equality is because permuting the variables before or after multiplying out the
product has the same effect; the second is because permuting the variables by ¢ and then by 7
is the same as permuting them by 7o; and the third is by the set equality above.

Similarly,

T-(ZJ-f):ZT-(U-f):Z(TJ)~f:ZU-f,

gESy oESy oESH gESy

as desired. QED

Problem 3. (8 points) Cox, Section 2.2, Problem 10:
Apply the proof method of Theorem 2.2.2 to express
Soariry = xire + iws + 1303 + 1123 + 1125 + 203

in terms of o1, 09, 03.
Solution. All six terms of f = >, 2jx, have total degree 3, so the largest one (with respect to
glex order) is z2z,. So we define hy = 02 oy 09 = 0109.
We expand hy = (z1 + x9 + x3)(x129 + T123 + To3)

= x%xz + I’%I’g + x1X9x3 + mlxg + X1X9x3 + l’%.flfg + T1X2X3 + x1x§ + xgx?,),
and hence f — h; = —3z12003 = —303.
T, f — I — oy —

Note: To really do it strictly by the algorithm, upon computing f — hy = —3z12923, we should
define hy = —30%‘105_%; = —303, and then observe f — hy — hy = —3x1x973 — (—303) = 0, so
that f = hl + hg — 0109 — 303.

Problem 4. (12 points) Cox, Section 2.2, Problem 11a,b:
Let «, 3,7 € C be the roots of ¥ + 2y? — 3y + 5. Find the monic polynomials of degree three
with integer coefficients that have the following roots:

(a): af, ay, By
(b):a+1,8+1,v+1

Solution. Call the original polynomial f(y). So reading off the coefficients, we have
a+pB+vy=0,=-2,and af + ay + vy =0y = =3, and afy = g3 = —5.



(a): Define g(x) = (z — aB)(z — a7)(x — B7), 0

g(x) = 2° = (af + ay + By)a® + (a®By + af*y + afy?)z — ?5%
= 1 — 092 + 01037 — a§ =23 + 322 + 10z — 25.

(b): Define h(z) = (z — (e +1))(z — (F+1))(z — (v + 1)), so

h(z)=flz—1)=(x -1 +2x -1 -3(x—-1)+5 =2 -2 — 42 +9.

Problem 5. (10 points) Cox, Section 2.2, Problem 11c:
Let o, 8,7 € C be the roots of 4> + 2y> — 3y + 5. Find the monic polynomial of degree three
with integer coefficients that has roots o?, 32, 72.

Solution. Define k(x) = (z — o?)(z — 8?)(z — 7?), so
k(z) = 2° — (& + B2+ 92)2? + (B + 8292 + o®?)x — o? 22
We compute
o’ + 52 +9" = (a+B+7)" =2+ ay+ 7)) = 0] — 205 = (=2)* = 2(=3) = 10,
and

@32+ B2 + o = (af + ay + B7)° = 2(a’By + afy + afy?)
=05 — 20103 = (—3)? — 2(=2)(-5) = —11,

and o?3?~% = 02 = 25. Thus, k(z) = 23 — 102? — 11z — 25.



