Math 345, Fall 2025 Professor Rob Benedetto

Homework #10
Due Thursday, October 9 in Gradescope by 11:59 pm ET

° ’WATCH Video 11: Complex Line Integrals‘

e | (Optional) READ the handout on Green’s Theorem on main course website

e |[READ Sections IIL1 and IT1.2 of Gamelin |
° ’WRITE AND SUBMIT solutions to the problems in this handout

Problem 1. (12 points) III.1, #1(a,c). Compute /y2 dz + x? dy along each of the following

v
two paths v from (0,0) to (2,4):

e 7 is the arc of the parabola y = z? from (0,0) to (2,4).

e 7 is the vertical line segment (0,0) to (0,4), followed by the horizontal line segment
from (0,4) to (2,4).

Problem 2. (15 points) III.1, #4. Fix R > 0, and let v be the semicircle in the upper

half-plane from R to —R. Evaluate / ydx in two ways: first directly, and then using Green’s

Y
Theorem.

Note: The path ~ is not a closed curve. So to apply Green’s Theorem, you’ll need to extend it
to a closed curve, and separately work out the integral along the extra piece. I'd suggest using
the line segment (along the real axis) from —R to R.]

Problem 3. (7 points) II1.1, #5, variant. Let D be a bounded region in the plane with
piecewise smooth boundary curve 9D. Use Green’s Theorem to prove that / x dy is the area

oD
of D.

Problem 4. (20 points) II1.2, #1(b,c,d). For each of the following differential forms w,
determine whether w is independent of path or not.

If yes, find a function h such that dh = w. If no, find a closed path v around the origin such
that / w # 0.
ol

(b) w=2*dx +y° dy (c) w=1ydr+xdy (d) w=ydr —zdy

Problem 5. (12 points) II1.2, #3. Fix b > a > 0, and let D be the annulus a < |z| < b. Let

oP 0
P, : D — R be smooth functions such that i 8_Q Use Green’s Theorem to prove that
Y x

the value of Pdx + @ dy is independent of the radius r, for a < r < b.

|z|=r

(Optional Challenge and Office Hour Information on next page)



Optional Challenge:
II1.1, #7: Show that both sides of the equation in Green’s Theorem are invariant under coor-
dinate change.

[Note: See the statement of this problem on page 75 for more details, including the relevant
change-of-coordinates formulas both for double integrals and for line integrals. I do this problem
out on a handout, too (see the website), but you may want to try it yourself.]

Questions? You can ask in class or in:

My (Drop-In) Office Hours (SMUD 406):

Mondays 2:00-3:30pm
Tuesdays +:45-3:15pm Cancelled Tuesday, October 7
Fridays 1:00-2:00pm

or by appointment.
This week only: Wednesday, Oct 8  1:00-2:30pm

Math Fellow Drop-in Hours (Katya Havryshchuk, SMUD 208):

Mondays 7:30-9:00pm Cancelled Monday, October 6
Wednesdays 7:30-9:00pm (in SMUD 208 as usual)

This week only: Thursday, Oct 9  7:30-9:00pm  SMUD 014

Also, you may email me any time at rlbenedetto@amherst.edu



