Math 121-03, Fall 2024 Professor Rob Benedetto

Solutions to Midterm Exam 3
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1. (20 points) Find the Interval and Radius of Convergence of the power series Z 372;2”)
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We have L < 1 for —1 < (3x+4)<1, e, —2<3x+4<2 ie —6<3r< -2 1ie. —2<:c<—§.

)TL oo oo
o Z n2 on Z , which is a p-series with

=2 > 1 and so converges by the p- Test
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Endpoint x = —2: the series is Z + Z (= Z (=1) .
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Endpoint z = —2/3: the series is Z

n2.2n n? - n?
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The corresponding absolute series is E —, which we just saw converge; so our current series also
n= 1

converges by ACT.
[Alternatively, one could show convergence by checking the three conditions of AST.]
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So the |interval of convergence is [—2, —3] , which has length —3~ (-2)==.
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So the |radius of convergence is 3 since that is half the length.

2. (16 points) For each of the following functions, find its MacLaurin series, written in Sigma notation
o0

Z, and also find the radius of convergence of the series.
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Solution. 2a. We know arctanz = E 2(4_)1
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2b. We know sinx = ngo m
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, for all x.
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and the | radius of convergence is oco

3. (25 points, 6 parts, 3 pages) Find the sum of each of the following convergent series. Simplify

if possible.
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4. (12 points) Use MacLaurin series to estimate In(1.1) with error less than 0.00005.
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Solution. Writing 1.1 =1+ 10’
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the MacLaurin series for In(1 + x) gives

5 100,000



This is an alternating series [and one can check that the absolute values of the terms decrease to zero],

1 1
d the f h h 1 1 = 0.00005.
and the fourth term has absolute value 10,000 < 20,000

1 1 1
Thus, by ASET, the first three t i t h estimate, of | — — — + ——
us, by ASET, the first three terms give an accurate enough estimate, o 0~ 300 + 3000

(which is 0.0953. The actual value is In(1.1) = 0.0953101798.. .. .)
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6. (15 points) Find the MacLaurin series for A +20°
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Solution. We have (1 —z)™! = 1 = Zx"
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Differentiating: —(1 —x)™* - Z nx" " Le., (1 —x) Z nx"
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Differentiating again: —2(1 —z)™3 - (=1) = Z n(n — 1)z""2, so that =P = Z — n—2
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Substituting —2x gives (D = Z:%) n(n2) - (=2)n 22
Multiplying by 22 gives ————— Z (n—1) S(=2)" 2
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Note: this sum can also be written as Z(—l)" .23 . p(n — 1)z" or, since the n = 0,1 terms are
n=0

zero, as Z(—l)" -2"73 . n(n — 1)2™, or various other equivalent ways.
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OPTIONAL BONUS A. (2 points.) Compute the sum of » | 27
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OPTIONAL BONUS B. (1 point.) The 2024 UN Climate Change Conference, also known as

COP29, occurred in mid-November. In what nation was this conference held?

Answer. Azerbaijan.



